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Some new criteria for the oscillatory and asymptotic behavior of odd order 
functional equations of the form 
X’“‘(f) = P(t)X’“-“[t+ T] + q(f) f(X[k’(f)]) 
are established. d 1991 Academic Press, Inc. 
1. INTRODUCTION 
Consider the functional differential equation 
x(“)(f) = p( t)x’” ~~ ‘1[t + Tl + df)f(X[g(f)lh n is odd, (El 
where g, p, q: Ck,, 00) --tR=(-co,~),f:R-+Rarecontinuous, p(t)>0 
and nonincreasing for t > to, q(t) > 0 and not identically zero for all 
large t, lim, _ 3. g(r) = co, and r is any real number. 
We assume that 
d-(x) >o and f’(x) 2 0 (1) 
-f(-XY)3f(XY)~Kf(X)f(Y) for xy>O (2) 
and K is a positive constant; and 
(3) 
In what follows, we consider only solutions of Eq. (E) which are defined 
for all large t. The oscillatory character is considered in the usual sense; i.e., 
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a solution of Eq. (E) is called oscillatory if it has no last zero, otherwise it 
is called nonoscillatory. Equation (E) is said to be oscillatory if all its 
solutions are oscillatory. 
The oscillatory behavior of different equations with middle term of order 
n - 1 has been studied in the last two decades. Most of the literature on 
this subject has been concerned with equations of the form 
x@)(t) + p(t) XC” - ‘) (t) + 4(t)f(xCdt)l) = 0, n is even, (E,) 
where the functions g, p, q, and f are defined as in Eq. (E). For a typical 
result regarding Eq. (E,) we refer to [ 1-6, 81. In these papers, the 
oscillatory character of Eq. (E, ) and that of 
x'"'(t) + 4(t) f Gd-g(t)l) = 02 n is even 0%) 
are similar if 
s 
-p(u) du ds = co. 
10 
It seems that there is nothing known regarding the oscillatory and 
asymptotic behavior of Eq. (E) even when r = 0. 
Therefore, the purpose of this paper is to establish some new criteria on 
the oscillatory and asymptotic behavior of Eq. (E). Conditions which 
ensure that every solution of (E) with any t and p(t) 2 0 for t 2 to, is 
oscillatory or tending monotonically to cc are given. It is shown that there 
exists a class of nonlinear equations of the form of (E) for which the 
oscillation can be completely characterized. A classification of all solutions 
of Eq.(E) with respect to their behavior as t -+ cc and to their oscillatory 
character is also obtained. Examples are inserted in the text to illustrate the 
relevance of the theorems. 
2. MAIN RESULTS 
For our purpose, we need the following three lemmas. The first of these 
lemmas is an adaptation of a well-known lemma due to Kiguradze [7], 
while for the second and third lemma, we refer to Philos [IO] and Ladas 
and Stavroulakis [9], respectively. 
LEMMA 1. Let u be a positive and n-times differentiable function on an 
interval [to, co). Zf ~4~‘) is of constant sign and not identically zero on any 
interval of the form [ tl, co), for some t, > to, then there exiusts a t, 2 t, and 
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an integer I, 0 $1 f n with n + I even for ~6”) nonnegative or n + I odd for u(“’ 
nonpositive and such that for t 2 t, 
zP(t) > 0 (k = 0, 1, . ..) I) when I> 1, 
and 
C-1) ‘+5P’(t)>O (/?=I, I+ 1, . ..) n- 1). 
LEMMA 2. If the function u is as in Lemma 1, lim, _ ~ u(t) # 0 and 
u’n-“(t)u(“)(t)<o for every t3 t,, 
then for any 0, 0 < 0 < 1, we have 
0 
u(t)’ (n- I)! 
- f- luoI- yt) .for all large t. 
LEMMA 3. Assume that T is a positive constant and p: [to, CD) -+ [0, x ) 
is a continuous function such that 
Then, the inequality 
I 
t+T 
lim inf p(s)ds>;. (4) I--+% , 
w.(t)-p(t)w[t+t]>O 
has no eventually positive solution. 
It is convenient to make use of the following notation in the remainder 
of this paper. For any T 2 t, and t 2 s 2 T we let 
PCtt 31 = j-h, Tl f (-&I du. s 
Also, we let 
Bg=(tE[t,, oo):g(t)<t}. 
The following theorem deals with the oscillatory and asymptotic 
behavior of all solutions of Eq. (E) for any real number t. 
THEOREM 1. Let conditions (l)-(3) hold. If 
s cc q(s) f(g”P’(s))ds= uz (5) 
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and 
I q(u) Ku, g(u)1 .tTC2(~)) du = ~0, % 
then every solution x of Eq. (E) is either oscillatory or x(‘)(t) + 0~) monotoni- 
callyas t4c0, i=O, l,..., n-l. 
Proof: Let x(t) be a nonoscillatory solution of Eq. (E). Without loss of 
generality, we assume that x(t) # 0 for t > t,. Furthermore, we suppose that 
x(t) > 0 and x[g(t) J > 0 for t > to, since the substitution y = --x transforms 
Eq. (1) into an equation of the same form subject to the assumptions of the 
theorem. 
Suppose that x(“- ‘j(t) is oscillatory. There exists a t, 3 t, so that 
x(“- ‘)[t, + r] = 0. From Eq. (E), we have x’“‘(t,) 20 which implies that 
xcnel)(t) cannot have another zero after it vanhishes once. Thus x(“-‘)(t) 
is of fixed sign on [t2, co) for some t,B tl . Next, let x’“-“(t)>0 for 
t > t,. From Eq. (l), we have x’“)(t) > 0 for t > t2. By Lemma 1, there exists 
a t3 > t, so that x(‘)(t) > 0 for t > t3 and i = 0, 1, . . . . n - 1. Thus, there exist 
a t4 3 t3 and a constant c > 0 such that 
xCs(t)l 2 cg”-‘0) for t>t4. 
Using (2) and (7) in Eq. (E). we obtain 
x’“‘(t) = p(t) x(“- l) Ct + tl + dt)f(-a(t)l) 
3 s(t) f bCg(t)l) 
~~f(4q0)fk"-'w) for t>t,. 
Integrating the above inequality from t, to t, we get 
(7) 
Xw)(t)~X(“-u (f4)+Kf.(c)SIf(gn-'(S))q(S)ds (4 
--rm as t-co, 
and consequently, x(‘)(t) --) co monotonically as t + co, i = 0, 1, . . . . n - 1. 
Finally, we assume that x (“-l)(t) < 0 for t B t,. Since n - 1 is even, we must 
have 
X(n-2)(t) > 0 and x’(t)>0 for t>t32t2. 
By Lemma 2, there exists a t4 3 t, and a constant 8, 0 < 8 < 1 such that 
8 
___ -a(t)1 3 @ _ 2)! g “-Z(t) x’“-2’[g(t)] for tattl. (8) 
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Using condition (2) and (8) in Eq. (E), we obtain 
x’~)( t) > p(t) xc” ~ ‘)[t + z] + Kf 
t214. 
Let w( t ) = x (‘I -“(t), t>, t4; we get 
W”(l) > p(t)w[t + z] + c*q(t) f(g”-*(t)) f(u’Cg(t)l), for t>t4, (9) 
where 
c* =K?f( (,1)2,! 
> 
. 
Choose T, and T, (t4 > T, > T,) so large that 
inf{ g(t): t >, T, ) > t, and inf{min(t,g(t)}: t> T7} 1 T,. 
Integrating (9) from s to T3, T, >, s >, T,, we get 
-(w.(s) - p(s) w[s + 21) 
~w.(T,)+g(T,)w[T,+r]-II:ip.(u)w[~+~]d~ 
.\ 
+c* i‘ ” q(u)f(g”~2(U))f(wCg(U)l) du.3 
Using the fact that w(t) is nonincreasing on [t,, x ), we get 
or 
-(Ns)-p(s) ~s))>c* S~~q(u)f(g’i-2(u))~(~~[g(u)])du 
.r 
-(dL.c T,l wb)Y3c*d-s, T,l 1” q(u)f(g” -‘(u))f(wMu)l) du s 
~c*KdIs, T,l ~i’.f(~)q(u).f(b”~2(u)).~(nCs, T,l wCdu)l)du. s Y 1 
Dividing the above inequality by f(cr[.s, T,] w(s)) and integrating over 
CT,, T,], we obtain 
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where 
Noting that 
“oas, TII ewl), 1 
f(d-s, T,l w(s)) 
for sag(t) and t> Tz, 
we have 
Letting T3 + co and using (3), we conclude that 
which contradicts condition (6). This completes the proof of the theorem. 
Remark. If p(t)=O, then act, T]=l and P[t,g(t)]=t-g(t). Thus, 
condition (5) takes the form 
I ~~C~-g(~)lq(~)~(g~-‘(~))du=co. (5)’ 
The following theorem is concerned with the oscillatory behavior of 
Eq. (l), when r>O. 
THEOREM 2. Let condition (5) in Theorem 1 be replaced by (4). Then 
Eq. (E) is oscillatory. 
ProojY Let x(t) be a nonoscillatory solution of Eq. (E), say x(t) > 0 and 
x[g(t)] > 0 for t > t,. As in the proof of Theorem 1, x(“-‘)(t) is of fixed 
sign on [t, , co) for some t, > t,,. Suppose that 
x(“-l)(t)>0 for t>t,. (10) 
From Eq. (E), we obtain 
x’“‘(t)-p(t)x(n-‘1 Ct + 21 = 4(‘)f(-m(t)l) 2 0. 
Set w(t) = x (“-l)(t) for t> t,. Thus, 
w.(t) - p(t) w[t + 21 2 0 for t> t,, 
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which by Lemma 3, has eventually negative solution. This contradicts (10). 
The proof of the case when xcn-- ‘) (t) < 0 for t > t, is similar to that of 
Theorem 1 and hence is omitted. 
The following examples are illustrative. 
EXAMPLE 1. Consider the differential equation 
X”l)(l) - ie Tx’““[t+~]-$exp(t-%g(t)) Ix[g(t)]I”sgnx[g(r)]=O, 
r>,o, (11) 
where IZ is odd, z is any real number, 1 is a positive number, 0 < E. < 1 and 
g: [to, cc)-+ R is continuous, lim,,,g(t)= “o, and lim,,,,[r-g(t)] 
= c73. 
All conditions of Theorem 1 are satisfied and hence every solution x of 
Eq. (11) is either oscillatory or x”‘(t) -+ cc monotonically as t -+ S, 
i = 0, 1, . . . . n - 1. One such solution is x(t) = e’. 
We note that the hypotheses of Theorem 2 are satisfied for any z > 0 
except condition (4). 
EXAMPLE 2. The differential equation 
r’3’(t)-xx’*‘[t+r]-[$t~8’3+$t~~‘4(t+T)~3~*].~lr3[Jrl]=0, 
f>O and ,,i, (12) 
has a nonoscillatory solution x(t) = J’?. Only condition (5) of Theorem 2 
is violated. 
EXAMPLE 3. Consider the differential equation 
X’n)(t)-X’n -“[t+t] - 
,I1 ~j.)t 
(t-f)+2~j~(x[t+sint]~Lsgnx[t+sintJ=0, 
t>l, (13) 
where n is odd, 0 < i < I, and T > l/e. Here we take 
4(t) = 
e(l -i.)r 
(I- 1 )(n-2);. and g(t)=r+sint. 
For all large T, T > 1, we can easily calculate 
a[& T] =e-(‘- “, 
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and 
s 
,(I -1)T 
% 
/?[u, g(u)] q(u)f(g”-‘(u)) du2cj,, [ec(‘~“‘“‘““- 11 du 
= 03. 
Thus, all conditions of Theorem 2 are satisfied and hence Eq. (13) is 
oscillatory. 
Remarks. 1. Theorem 1 is independent of the values of r, while the 
oscillatory character of Eq. (E) depends mainly on the coefficient p and r. 
In the case when p(t) 5 p = positive constant, condition (4) becomes 
pze z=- 1. 
2. The function g in Eq. (E) can be chosen as a retarted or a mixed 
type argument. We note that Theorems 1 and 2 are not applicable to equa- 
tions of type (E) with g(t) = t or g(t) > t. 
3. Conditions (l)-(3) are disregarded when f(x) = 1x1’ sgn x, 
O<%< 1. 
THEOREM 3. Let z > 0 and assume that conditions (1) and (4) hold. rf, for 
every c > 0, 
I m q(s) f (cg”-2(s)) ds = 00, (14) 
then every solution x of Eq. (E) is either oscillatory or x(“-*)(t) --t 0 
monotonically as t -+ co. 
Proof Let x(t) be a nonoscillatory solution of Eq. (E). Assume x(t) > 0 
and x[g(t)] >O for t 2 to. As in the proof of Theorem 1, x(“-‘)(t) is of 
fixed sign for t 2 t, for some t, > t,,. The case x(“-‘)(t)>0 for t>:, is 
exactly as the proof for this case in Theorem 2, and hence is omitted. 
Next, suppose x (“-l)(t)<0 for t>1,. Proceeding as in the proof of 
Theorem 1, we choose a t, B t, so that (8) holds for t 9 t2. Using (8) in 
Eq. (E) and letting w(t) = x(” - 2’(t) we have 
i 
e 
w”(t)~~(t)w’Ct+zl+4(t)f (n~2)!g”-2w+M~)l > 
for t> t,. 
(15) 
Since w(t) is decreasing for t > t,, w(t)+c*>O as t+co. If c*>O, then 
there exists a t, > t2 so that 
XC&?(t)1 2 $ for t>t3. (16) 
FUNCTIONAL DIFFERENTIAL EQUATIONS 185 
Using condition (1) and (16) in (15) we obtain 
w.(t)> p(t) w.[r +z] +q(t)f’(yg” -*(t)) for t3 t3, (17) 
where ;’ = &*/2((n - 2)!). Integrating (17) from t, to t we get 
O>w.(t)-p(t)w[t+T] 
>w(t,)+w(t)- w(t3)-p(t3) w[t,+z] 
-?” P’(U) w[u+z] du+i’ q(u)j’(;Jg”~‘(u)) d# 
13 13 
2 dt3) - 4t3) - p(t3) WCf3 +71 
a contradiction. Thus c* = 0. 
EXAMPLE 4. Consider the differential equation 
15 1 
16t5’2( t + r)3’2 x(t)=O, t>O and T>-. e 
All conditions of Theorem 3 are satisfies and hence every solution x of 
Eq. (18) is either oscillatory or xc3’(t) -+ 0 monotonically as t --t xi. 
Equation (18) has a nonoscillatory solution x(t) = t”* satisfies 
lim,, * x(3)(t) = 0. 
THEOREM 4. Let T > 0 and let conditions (1) and (4) hold. !f for ever? 
c>o 
I = q(s) f (Us)) ds) = mci, (19) 
then every solution x of Eq. (E) is either oscillatory or x”‘(t) + 0 monotoni- 
cally as t + ~0, i = 1, 2, . . . . n - 2. 
Proof. Let x(t) be a nonoscillatory solution of Eq. (E), say x(t) > 0 and 
x[g(t)] > 0 for t 2 t,. As in the proof of Theorem 1, we see that xcn~-“(t) 
is of fixed sign on [t,, co) for some t, 2 t,. The case when x’“pl’(t)>O for 
t 3 t, is done exactly as in the proof of Theorem 2 and hence is omitted. 
Next, we let x(“- ‘j(t) < 0 for t 3 t, . Since n - 1 is even, there exists a 
t2 > t, such that 
x’(t)>0 and either x..(t)>0 or x..(t)<0 for tat*. 
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Suppose the first case, i.e., x’(t) > 0 and x.-(t) > 0 for t 3 t,. There exist a 
t, > t2 and c1 > 0 such that 
-G(t)1 3 Cl g(t) for t> t3. (20) 
Integrating Eq. (E) from t, to t and using (20), we obtain 
O>x’“-“(t)-p(t)x(“-2)[t+Z] 
>X(“-‘)(t,)-p(t,)X(n-2) [lx + z] -J,l p.(u) x(“-Q[U + z] du 
+ J’ du)f(c, g(u)) du I3 
~x’“-“(t~)-~(t~)X(~-2) 113 + ~1 + J’ q(u) .t-(cl g(u)) du + 00 ast+co, 
4 
a contradiction. Thus, we have x(t) > 0 and x”(t) -C 0 for t B t2. Since x’(l) 
is decreasing on [t2, co), x’(t) --f c2 > 0 as t + co. If c2 > 0, there exists a 
I, 2 t2 such that 
x.[g(t)l > T for t> t,. (21) 
Next, by Lemma 2, there exist a constant b, 0 -C b < 1 and a t, 3 t, so that 
xCdt)l a k(t) x.Cdt)l for all t > t,. (22) 
Using (21) in (22) we get 
~M~)l +tl) for t> t4. 
Proceeding as in the above case, we obtain the desired contradiction. This 
completes the proof of the theorem. 
The following result is concerned with a classification of all solutions of 
Eq. (E) with respect to their behavior as t + co and to their oscillatory 
character. 
THEOREM 5. Let condition (1) hold. Iffor every c P- 0 
J O” q(s) f(c&)) ds= ~0, (23) 
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then every solution x of Eq. (E) is oscillatory, x”‘(t) -+ CC monotonically as 
t+m, i = 0, 1, . . . . n - 1 or else x(‘)(t) -+ 0 monotonically as t + M;, 
i = 1, 2 . . . . n - 2. 
Proof. The proof can be extracted from the proofs of Theorems 1 and 
4 and hence is omitted. 
EXAMPLE 5. The differential equation 
X’5’(t)-X(4)[t+T]- 
15 
16( t + r)‘j* t3/* 1 
x5(t) 0, 
t > 0 and r is any real number, (24) 
has a nonoscillatory solution x(t) = t’12 satisfying x(‘)(t) + 0 monotonically 
as t -+ co, i= 1,2, 3, and the equation 
X~~~(t)-~e~~~~~~~l~[t+T]-~X(t)=O, taO,nisoddand 
r is any real number, (25) 
has a nonoscillatory solution x(t) = e’ satisfying x”)(t) -+ CC monotonically 
as t -+ co, i = 0, 1, . . . . n - 1, while the equation 
x(S)(t) - 2 x ’ “‘[t+;]-;x[t-$]=0, t>O (26) 
has an oscillatory solution x(t) = sin t. 
It is easy to check that the hypotheses of Theorem 5 are satisfied for 
Eqs. (25)-(26). 
Remarks. 1. Theorems 3 and 4 depend on the values of T and the 
coefficient p, while Theorem 5 can be applied to equations of type (E) with 
p(t) = 0. 
2. The classification of all solutions of Eq. (E) with respect to their 
behavior as t + co and to their oscillatory character presented in Theorems 
3-5 may hold for the equations of type (E) without any restrictions on the 
function f and the deviating argument g. 
SOME GENERAL REMARKS 
1. The results of this paper are presented in a form which is essen- 
tially new. From Theorem 2, there exists a class of equations of type (E) for 
which the oscillation situation is completely characterized. The reason for 
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that is due to the presence of the middle term with advanced argument in 
Eq. (E). 
2. The results of this paper are extendable to more general equations 
of the form 
x’“‘(t)- f pi(t) Xc”-“[t+zi]-F(t,X[gl(t)], . ..px[gk(t)])=Oy (27) 
i=l 
and 
X’“‘(t)-p(t)X(n-‘) Co(t)1 -FCC xCgl(t)l> .. . . dkc(t)l) = 0, (28) 
where n is odd, O, p, pi, gj: [to, 03) --) R, F: [to, co) x Rk + R are con- 
tinuous, lim, _ m o(t)=co, o(t)>t, andlim,,,g,(t)=oo for i=l,2 ,..., m 
and j= 1, 2, ..,, k. The details are left to the reader. 
3. It would be interesting to obtain results similar to those presented 
here for n even, as well as for linear case (f(x) =x) and superlinear case 
CJ + m C&Y(~)1 -c co) for Eq. (E). 
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